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Abstract. Monitoring and surveillance are important aspects in mod-
ern wireless sensor networks. In applications of wireless sensor networks,
it often asks for the sensors to quickly move from the interior of a spec-
ified region to the region’s perimeter, so as to form a barrier coverage
of the region. The region is usually given as a simple polygon or even a
circle. In comparison with the traditional concept of full area coverage,
barrier coverage requires fewer sensors for detecting intruders, and can
thus be considered as a good approximation of full area coverage.

In this paper, we present an O(n?° logn) time algorithm for moving n
sensors to the perimeter of the given circle such that the new positions of
sensors form a regular n-gon and the maximum of the distances travelled
by mobile sensors is minimized. This greatly improves upon the previous
time bound O(n*®logn). Also, we describe an O(n*) time algorithm
for moving n sensors, whose initial positions are on the perimeter of the
circle, to form a regular n-gon such that the sum of the travelled distances
is minimized. This solves an open problem posed in [2]. Moreover, our
algorithms are simpler and have more explicit geometric flavor.

1 Introduction

Wireless Sensor Networks (WSN) are envisioned to be developed for a wide range
applications. A WSN is composed of a large number of sensor nodes, which are
densely deployed either inside the phenomenon or very close to it [I]. Each sensor
node is equipped with a sensing device, a low computational capacity processor,
a short-range wireless transmitter-receiver and a limited battery-supplied energy.
Sensor nodes monitor some surrounding environmental phenomenon, process the
data obtained and forward these data towards a base station. These character-
istics of a WSN require that sensor network protocols and algorithms possess
self-organizing capabilities, i.e., sensors are able to cooperate in order to organize
and perform networking tasks efficiently.

A typical application of WSN is to monitor a specified region either for mea-
suring purposes or for reporting various types of activities (e.g., fire alarms,
calamities, etc). Another application concerns security and safety systems, such
as, detecting intruders (or movement thereof) around infrastructure facilities
and regions. Particularly, it often asks to monitor an area so as to detect in-
truders as they penetrate the protected area or as they cross the area border.
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For example, research efforts are currently under way to extend the scalability
of wireless sensor networks so that they can be used to monitor international
border as well [SITT].

The study of barrier coverage with mobile sensors was originated in [3I11],
and later in [2]. Differing from the traditional concept of full coverage, it asks
to cover the entire deployment region by guaranteeing that there is no path
through this region that can be traversed undetectedly by an intruder, i.e., all
crossing paths through the region are covered by sensors [2J3J[I1]. Since mobile
sensors are allowed to move inside the deployment region, a crossing path may
occur occasionally. So, an interesting problem is to reposition the sensors quickly
so as to repair the existing security hole and thereby detect intruders [2]. Since
barrier coverage requires fewer sensors for detecting intruders, it thus gives a
good approximation of full area coverage. The planar region on which sensors
move is usually represented by a simple polygon or even a circle.

In this paper, we study the problem of moving n sensors to the perimeter of
a circular region to form a regualr n-gon such that either the maximum of the
distances travelled by mobile sensors or the sum of the travelled distances is min-
imized. An efficient solution to the min-maz or min-sum problem is important,
as the energy required by a mobile sensor is an increasing function of the distance
it travels. First, we present an O(n?°logn) time algorithm for moving n sensors
to the perimeter of the given circle such that the new positions of sensors form a
regular n-gon and the maximum of the distances travelled by mobile sensors is
minimized. This improves upon the previous time bound O(n3-5logn) [2]. Also,
we describe an O(n?) time algorithm for moving n sensors, whose initial posi-
tions are on the perimeter of the given circle, to form a regular n-gon such that
the sum of the travelled distances is minimized. This solves an open problem
posed in Section 5.5 of [2]. Moreover, since our algorithms are based on some
properties from elementary geometry, they are simple and easy to implement.

2 Problem Definition and Previous Work

Suppose that mobile sensors are working inside a planar region. As discussed
in [2I3], individual sensors are able to locally determine the existence of barrier
coverage, even when the region is arbitrarily shaped. For simplicity, the region
is usually delimited by a simple polygon or even by a circle. In this paper, we
mainly focus on the problem of moving n sensors to the perimeter of a unit-radius
circular region such that the new positions of sensors form a regular n-gon and
thereby give barrier coverage, assuming that the mobile sensors have detected the
existence of a crossing path. We assume that the sensors are location aware (i.e.,
they know their geometric coordinates) and know the center of the given circle.
Assume also that the range of the sensor’s transmitter-receiver is always longer
than an edge of the regular n-gon; otherwise, barrier coverage is impossible.
Denote by C' the given circular region. For n sensors, denote by A, As, ...,
A,, their initial positions in the interior or on the perimeter of C, and A}, Aj,
..., Al their goal positions on the perimeter of C, which form a regular n-gon.
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Moreover, denote by AA’ the line segment with two endpoints A and A’, and
|AA’| the length of AA’ (i.e., the Euclidean distance between A and A’). Then,
one can easily define the following two problems:

1. The min-max problem: Minimizing the maximum of the distances trav-
elled by the sensors, i.e., min {max?_|A;A}|}.

2. The min-sum problem: Minimizing the sum of the distances travelled by
the sensors, i.e., min > .| |A; A}l

An O(n3®logn) time algorithm has been proposed by Bhattacharya et al. to
solve the min-max problem [2]. For a simple polygon with m vertices, an
O(mn®®logn) time solution is also given. Their algorithms are based on the
parametric searching technique, which requires many sophisticated procedures
(e.g., a sorting algorithm with an unknown optimal value [4], and a parallel sort-
ing network [12]). As many other geometric applications of parametric searching,
the necessary condition for giving an optimal solution is not explictly described
[2]. These drawbacks of parametric searching have previously been pointed out
in the literature (see Section 1 of [9]).

Two approximation algorithms for the min-sum problem for circular regions
are further provided in [2]. A simple O(n?) time solution to a special version of
the min-sum problem, in which both the initial positions and the movements of
all sensors are limited on the perimeter of the given circle, is also given. Again, the
similar result was extended to polygonal regions [2]. Whether a polynomial-time
solution to the min-sum problem exists is left open, even when the initial positions
of all sensors are on the perimeter of the given circle (see Section 5.5 of [2]).

3 Min-max Problem

Suppose that C' is a unit-radius circle, and o is the center of C. Denote by OC the
perimeter of the circle C'. Moreover, denote by A¢ the optimal solution to the min-
max problem for the circle C, i.e., A\c = min {maz?_,|A;A}|}. Clearly, \¢ < 2.

In the following, we study the geometric properties of the points on 9C' that
may contribute to the optimum Ag, and then present our new algorithm for
computing A¢.

3.1 Geometric Properties of the Boundary Points Related to Ac

Denote by X; the point of 0C, which is closest to A;. Clearly, X; is an intersection
point of C' with the line passing through A; and o. Denote by Y; the other
intersection point, which is the point of dC furthest from A;. See Figure 1(a).

The following properties are important to our algorithm for the min-max
probem.

Lemma 1. Suppose that an optimal solution to the min-max problem is obtained
with Ao = |A; AL, for some i (1 < i < n). Then, either A} is the point X;,
or there exists another sensor A; (j # i) such that \c = |A;A| also holds.
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(a) (b)

Fig. 1. (a) The points X; and Y; on 9C; (b) |A;A}| = |A; A%

In the latter case, a slight rotation of the reqular n-gon giving Ac in either
direction monotonically increases one of the two distances |A; A} and |A; A%l
and decreases the other.

Proof. Assume first that in the obtained optimal solution, the sensor A; is the
only one satisfying Ac = |4;A}|, but A} is not the point X;. So |4;X;| < |A; A}
holds (Figure 1(a)). Let us rotate the regular n-gon giving A¢ by moving the
vertex A} towards X;, with a very small distance e. Clearly, the distance function
between A; and A} decreases monotonically during the rotation of the n-gon.
Denote by AY, AY, ..., A the new positions of the sensors after the rotation
stops. Since € is arbitrarily small and A; is the only one satisfying Ao = |A4; A},
we have |A;AY| > |ApA}| for all k # 4, and moreover, |A;A]| < |A;A}| holds;
it contradicts that A¢ (= |A;A}|) gives the optimal solution to the min-max
problem.

Suppose now that there exists another sensor A; such that A\c = |A4;A’|
(j # i) also holds (Figure 1(b)). A slight rotation of the regular n-gon giving
Ac in either direction cannot make both [A;A}| < [A;A}| and [A; AT < [A;A)|
hold, where A} and A} denote the new positions of A; and A’ after the rotation
stops; otherwise, it contradicts the equations Ao = |4; A} and A\c = |A; A|. This
implies that the rotation of the regular n-gon giving A¢ increases one of the two
distances |A; Aj| and |A;A%[, but decreases the other. The proof is complete. O

The points of OC satisfying the conditions described in Lemma 1 clearly
contribute to the candidate values for Ag. The points X; of all sensors Ay
(1 < h < n) can simply be found. So an important task is to find all the pairs
(Ai, Aj) (i # j) such that the distance from A, to a vertex of a regular n-gon
equals to the distance from Aj; to another vertex of the n-gon, and a slight ro-
tation of the m-gon in either direction monotonically increases one of the two
distances but decreases the other. For simplicity, we call such distances the equal
distances.

Let P be an arbitrary regular n-gon with the vertices Py, P, ..., P, on 0C.
In order to find all equal distances, we simulate below a clockwise rotation of
the polygon P on OC with an arc distance 27 /n. First, compute the distances
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between all pairs of a sensor and a vertex of P, and sort these n? distances into
the sequence, say, di < de < ... < d,2. Denote by D the resulting sequence of
these distances. For any two adjacent distances in D, we then check whether they
can produce an equal distance during the procedure of rotating P. Note that the
two sensors related to that equal distance as well as the two intervals of 9C (of
arc length 27 /n) on which the two vertices of P move are known. Moreover, since
one of the two distances increases but the other decreases to the equal distance,
the exact distance between the goal positions of two sensors is also known. (The
distance between two goal positions can be represented as 2sin(wm/n), where
w(< m) is a known, positive integer.) Thus, we can determine in constant time
whether the equal distance for a pair of adjacent distances in D can be attained.
If yes, report the found equal distance. From the initial sequence dy, ds, . . ., d,2,
we can thus obtain some equal distances. Denote by E the set of the found equal
distances.

To achieve an equal distance e, the polygon P is rotated on C with an arc
distance from its initial position. Denote by r(e) (< 2m/n) this arc distance
(from the initial position of P) required to obtain the equal distance e. Let R
be the set of these arc distances r(e), and r.,;, the smallest arc distance in R.

The clockwise rotation of P with the arc distance 27 /n can then be performed
as follows. First, take out (i.e., delete) 7, from the set R. Since an equal dis-
tance happens only between two adjacent distances in D, the first equal dis-
tance occurs when the polygon P is rotated on 0C with the arc distance ry,;y,.
Afterwards, the two adjacent distances, which contributed to 7, have to be
exchanged in the sequence D. The change of these two distances in D may in-
troduce at most two new equal distances, and thus, we further check whether
these two equal distances can be attained. If a new equal distance is ever found,
we compute the corresponding arc distance from the initial position of P, and
then insert it into R. Next, take out the current arc distance 7,,;, from R and
continue to rotate P on OC according to (the remaining value of) 7,,4,. In this
way, the polygon P is gradually rotated, and whenever the arc distance repre-
sented by Tmir is reached, we maintain the sequence D of n? distances between
sensors and the current vertices of P, and the set R of the arc distances, which
are computed from the found equal distances. All equal distances are clearly
reported after the rotation of P is complete.

Lemma 2. Let m be the number of the equal distances. Then, m = O(n?).

Proof. Let A;(P,) denote the distance function from a sensor A; to a vertex
P, of the n-gon P. Clearly, the function A;(P,) increases or decrease monoton-
ically in the procedure of rotating P, except that the interval of 9C on which
P, moves contains the point X; or Y;; in this case, we divide that interval of 0C
into two sub-intervals such that A;(P,) is monotone in either sub-interval. All
functions A;(P,), P, € P, can thus be grouped into two sets S;; and S;2 such
that the functions in the set S;; monotonically increase and the functions in S;o
monotonically decrease. The union of the intervals of C, on which the vertices
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P, of all functions of S;; (resp. S;2) move, is the clockwise chain of dC from X;
to Y;, or from Y; to X;. Hence, all functions in S;1, or in S;2 can be considered as
a single distance function from the sensor A;, which is also monotone. Similarly,
we can define the monotone functions A;(P,), for all other sensors A; and all
polygon vertices P,.

Let us now give an upper bound on the number of the equal distances. In
the procedure of rotating P with the arc distance 27/n, any decreasing (resp.
increasing) function A;(P,) can produce at most one equal distance with a func-
tion of S;1 (resp. Si2), ¢ # j. This is because the function A;(P,) is monotone,
and all functions in S;; (resp. S;2) can be considered as a monotone distance
function from A,. Since both the number of the sensors A; (j # %) and the
number of the vertices P, are no more than n, the sensor A; can contribute to
O(n?) equal distances. Therefore, we have m = O(n?). O

3.2 Algorithm

Let p be a point on dC, and d the distance between p and an arbitrary sensor.
We can then give an algorithm for determining whether A¢ < d [2].

Algorithm Distance-Test

1. Compute the regular n-gon by fixing one of its vertices at p, and denote by

By, Bs, ..., B, the vertices of the obtained n-gon.
2. Construct a bipartite graph Hy between the sensors Ay, As, ..., A, and the
vertices B1, B, ..., By; sensor A; is linked to vertex B; (1 <i4,j < n) if

and only if |A4;B;| < d.
3. Check whether there exists a perfect matching in Hy. If yes, report Ao < d;
otherwise, report A\¢ > d.

The time complexity of the algorithm Distance-Test is O(n?®). This is because
the first two steps of Distance-Test clearly take O(n?) time, and the last step
requires O(n??) time to check whether there exists a perfect matching in the
bipartite graph Hy [6].

To give a simple solution to the min-max problem, one can run a binary search
over all the distances |4;X;| (1 < ¢ < n) and the equal distances e; (1 < j < m)
using the fixed-size decision algorithm Distance-Test to determine whether
the optimum A¢ is larger than, smaller than or equal to the selected distance d.
Clearly, the smallest of the values d satisfying Ao < d gives the answer to the
min-max problem.

Let us now describe a more efficient algorithm for the min-max problem.
Again, denote by P a regular n-gon with the vertices Py, P», ..., P, on 0C.
First, we perform a binary search over all the distances between sensors and
the initial positions of vertices of P, i.e., dy, da, ..., d,2, to find two distances
dj, di+1 such that dp < Ao < dg41. Without loss of generality, we assume that
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do =0, dp241 = 2, and 0 < k < n?. In the following, we show that there are at
most O(n?) equal distances e, with di, < e < dg1.

Let P* (1 < i < n) denote the regular n-gon obtained by fixing one of its
vertices at the point X;. Suppose that the vertices of P! are indexed clockwise,
starting from the vertex P} = X;. Clearly, there are [(n — 2)/2] pairs of the
vertices in P?, whose distances to the sensor A; are the same. Let d} < db <
< d?n/21+1 denote the sequence of the distances from A; to all vertices of P?
(including Pf) and the point Y; as well when n is odd. When n is odd, the point
Y; is not the vertex of P?. But, as discussed above, some distance function needs
to be divided into two monotone sub-functions using the point Y;.

Lemma 3. Let P be an arbitrary reqular n-gon on 0C, and dyi, da, ..., dp2
the increasing order of the distances between all sensors and the vertices of P.
Assume that dy = 0 and d,241 = 2, and that we know di, < A¢ < diy1 for
some k, 0 < k < n?. Let m(k) be the number of the equal distances e, with
dp < e < dgy1. Then, m(k) = O(n?), and all of these equal distances can be
computed in O(n?logn) time.

Proof. Suppose that we have known d < Ac < dg1. For any polygon P? (1 <
i <n), the range (dy, dg11] is clearly contained in [d}, d’ ] for some j < [n/2],
or in [d},d ] when j = [n/2]. Also, denote by A;(Pj;) the distance function
from the sensor A; to a vertex P! of the n-gon P*. Since the distance functions
from A; to all vertices of P* can be grouped into two monotone functions in
the rotation of P* with the arc distance 27 /n, at most four distance functions
A;(PY) may vary in the range (dj,dy+1]. These distance functions from A; can
be found in O(logn) time, provided that the increasing order of the distances

todh, .. di(ﬂ/ﬂ-&-l is known.
Consider now the procedure of rotating the polygon P on dC clockwise with
the arc distance 27/n. Suppose that all the polygons P!, P? ..., P" are also

rotated with the arc distance 27/n simultaneously. Assume that all the O(n)
distance functions, which vary in the range (dj, di+1], have been sorted according
to their initial values (i.e., using the corresponding distances d;, 1<i4,5 <n).
Denote by D(k) the increasing order of these distance functions. For any two
adjacent distances in D(k), we then check whether they can be equal in the
procedure of rotating the polygon P. If yes, report that equal distance. Also,
we can simply check whether the found equal distance is between dy and dg1.
From the initial sequence D(k), we can compute a set of equal distances. Denote
by R(k) the set of the arc distances, which are required to attain the found
equal distances. As in the proof of Lemma 2, the polygon P can then be rotated
according to the arc set R(k). When the set R(k) becomes empty in the procedure
of rotating P, we obtain all the equal distances e, with dy < e < dg41. The
number m(k) of the equal distances e, with dr, < e < dgi1, is O(n?). This
is because D(k) contains O(n) monotone functions in the whole procedure of
rotating P and a pair of adjacent distances in D(k) at any instant time of the
rotation can contribute to at most one equal distance.
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Finally, consider the time required to compute these equal distances. First, the
sequences of the distances di, d, ..., di(n/z]ﬂ’ for all 4 (1 < ¢ < n), can totally
be computed in time O(n?logn). The initial sequence D(k) of the distance
functions, which vary in the range (d, dk+1], can then be found in O(nlogn)
time. When an equal distance occurs between two adjacent distances of D(k) in
the procedure of rotating P, we insert its corresponding arc distance into the set
R(k). For efficiency, R(k) is maintained in a priority queue. Hence, an insertion
of an arc distance to R(k) as well as a deletion of the smallest arc distance from
R(k) takes O(logn) time. So the total time required is O(n? logn). O

By now, we can give our algorithm for the min-max problem. First, perform a
binary search over the distances do, di, ..., d,241 using the fixed-size decision
algorithm Distance-Test to determine whether the optimum A¢ is larger than,
smaller than or equal to the selected distance. After this binary search is done,
we can assume that dp < Ac < djyq for some k, 0 < k < n2. Next, rotate
the polygon P with the arc length 27/n to find all the equal distances e, with
dr < e < dgy1. Furthermore, we sort these m(k) equal distances and the other
n distances |A;X;| (1 < j < n). Denote the resulting sequence by ed; < eds <
.o < edp (k- Since the optimum A¢ is one of these n +m(k) values (Lemmas
1 and 3), it suffices to run another binary search using the algorithm Distance-
Test. We conclude the algorithm in the following:

Algorithm Min-Max

1. Let P be an arbitrary regular n-gon on 9C, and dy, ds, . . ., d,,2 the increasing
order of the distances between all sensors and the vertices of P. Assume also
that dp = 0 and d,,241 = 2.

2. Run a binary search over the distances dy, d1, ..., d,241 using the fixed-size
decision algorithm Distance-Test to find two values dj,, dip11 (0 < k < n?)
such that dp < A¢ < dg41. (The regular n-gon used in Distance-Test is
constructed according to the selected distance.)

3. For every i (1 < i < n), place the regular n-gon P* on dC by fixing one
of its vertices at the point X;, and then sort the distances from A; to all
vertices of P? and the point Y; as well when n is odd, into the sequence
di < dh <...< di[ﬂ/ﬂﬂ' Next, find at most 4n vertices of P such that
their distance functions (from A;) vary in the range (d, dxs1] when P? is
rotated with the arc distance 27 /n.

4. Rotate the polygon P on 0C with the arc distance 27w/n to compute all
the equal distances e, with dy < e < djy1. Then, sort these m(k) equal
distances and the other n distances |A4;X;| (1 < j < n) into the sequence ,
say, ed; < edy < ... < edyymk)-

5. Run a binary search over the distances eds, eda, ..., edp k) using the
fixed-size decision algorithm Distance-Test to determine whether Ao is
larger than, smaller than or equal to the selected distance.

6. Report the smallest of the values ed; satisfying Ac < ed;.
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It follows from the discussion made above that Steps 2 and 5 of Min-Max take
O(n%%logn) time, which clearly dominates the time complexity of the algorithm
Min-Max. Hence, we obtain the main result of this paper:

Theorem 1. The min-max problem for a given circle can be solved in O(n*® logn)
time.

4 Min-sum Problem: When Sensors Are Initially on the
Perimeter of the Circle

This section presents an O(n?) time algorithm for a special version of the min-
sum problem, in which all sensors are initially on the perimeter of the unit-radius
circle C. Our result solves an open problem posed in [2].
Let Aj, Aa, ..., A, denote the initial positions of n sensors on 0C, and Af,
5, ..., Al their goal positions on dC. Denote by A¢ the optimal solution to
the min-sum problem for C, i.e., Ac = min Y, |A;A}|. The following property
is important to the solution of our min-sum problem.

Lemma 4. Suppose that all sensors are initially on the perimeter of the unit-
radius circle C. In any assignment between the initial and goal positions of n
sensors, which gives Ac, there exists some sensor A, (1 < x < n) such that
A, = AL

Proof. The proof is by contradiction. Assume that in any assignment between
the initial and goal positions of n sensors, which gives A¢, all sensors move,
ie., A; # A} for all 4, 1 < i < n. For our purpose, we construct below a line
segment L such that the length L is equal to A¢. To avoid confusion, we use the
small letters ’a’ (’a}.’) to represent the points Ay (Aj}) on L. See Figure 2(b).
First, fix a segment A; A/ for an aribitrary index s, in an assignment giving Ac.
Then, draw all other segments contributed to A¢, in an arbitrary order, on the
extension of the segment A4 A/, by connecting the point A;! of the segment AyA;l
to the previously existed point A,. Assume that a; is the last endpoint obtained
in constructing the segment L. Since a, is the other endpoint of L, we have
lazal| = Ac. See Figure 2(b) for an example, where a), = a and a; = a;.

Let us now move all points A; on OC clockwise, by a very small arc distance
a, say, na < m/4. Assume that no point A; is passed over during this clockwise
rotation of the n-gon (it is always possible since « can be arbitrarily small).
Denote by B; the new position of A; (1 <j <n),and A; the solution of the
min-sum problem in which every sensor A; moves to B;. See Figure 2(a). Since
three points A;, A} and B; (1 < j < n) are on 9C, the angle /A’ A;B; is a.
Next, we translate the segment A; B; such that the translated segment, denoted
by atbt, and the segment ata} (on L) form the angle « at the point a;. See Figure
2(b). Draw all other segments in the assigment giving A; on the extension of
the segment a;b;, in the reversed order of the segments added to construct L.
Denote by L; the resulting segment. See Figure 2(b). Clearly, b, is the other
endpoint of Ly. Also, we have |a:bs| = A;.
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Analogously, we move all points A’ on C counterclockwise, by the same arc
distance a. Assume also that no point A; is passed over during this counterclock-
wise rotation of the n-gon. Denote by E; the new position of A; (1 <j<n),
and A, the solution of the min-sum problem in which every sensor A; moves to
E;. Similarly, we can obtain a line segment Lo, with two endpoints a; and e,
of length As. See Figure 2(b). Without loss of generality, assume that L; and
Lo are to the different sides of L. Thus, L; and Lo form the angle 2« at the
point ay.

In the above construction of L and Ly (resp. L), only the translation and
the rotation of segments are empolyed. Hence, two points a), and bs (resp. a/,
and e,) can be connected by n arcs of length «, which are scanned by all sensors
in transforming the assignment for A¢ into that for Ay (resp. Az). These n
arcs can thus be replaced by a long arc of length na, i.e., o, and bs (resp. a/,
and e;) are connected by an arc of length na (< 7/4). It immediately implies
that three points a’, bs and e, are passed by another unit-radius circle, say, C'.
See Figure 2(b). Since the angle formed by L; and Lo (i.e., two segments a;bs
and ate;) at a; is 2a, the point a; cannot be contained in the interior of the
circle C' (otherwise, since the arc distance between by and eg is 2na, we would
have 2a > 2na (n > 2), a contradiction). The segment L then has two common
points with dC”’. If the center of C’ happens to be on L, we have A; < Ac
and As < Ag, contradicting that A¢ gives an optimal solution to the min-sum
problem. In the case that the center of C’ is not on L, either Ay < A¢ or
As < A¢ holds, a contradiction again. This completes the proof. O

Based on Lemma 4, the min-sum problem for the circle C' can be solved by fixing
a vertex of the regular n-gon at the initial position of every sensor once, then
solving the weighted matching problem (n times) in a complete bipartite graph
such that one subset of its nodes represents the initial positions of all sensors
and the other represents the goal positions of sensors, and finally reporting the
smallest of the obtained solutions to all weighted matching instances.

Fig. 2. Illustration of the proof of Lemma 4
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Algorithm Min-Sum

1. For each i =1,2,...,n, do the following:

(a) Place a regular n-gon P on 9C by fixing one of its vertices at the sensor
A;. Then, construct a complete bipartite graph H; between the sensors
A1, Ag, ..., A, and the vertices Py, Ps, ..., P, of the n-gon (i.e., any of n
sensors is linked to all polygon vertices). Moreover, define the Euclidean
distance between a sensor and a vertex of P as the weight of the edge of
H,; connecting the corresponding nodes.

(b) Compute an optimal solution A(H;) to the weighted bipartite matching
problem for the graph H; (i.e., finding the optimal assignment of the n
sensors to the vertices of P in the weighted bipartite graph H;).

2. Report the smallest of all found solutions A(H;).

Since the number of nodes of the graph H; is 2n, the Hungarian method can
solve in O(n?) time the weighted matching problem in the complete bipartite
graph H; [10]. Hence, we have the following result.

Theorem 2. Suppose that all sensors are initially located on the perimeter of
the given circle. Then, the min-sum problem can be solved in O(n?) time.

5 Concluding Remarks

In this paper, we have presented an O(n*®logn) time algorithm for moving
n sensors to the perimeter of the given circle such that the new positions of
sensors form a regular n-gon and the maximum of the distances travelled by
mobile sensors is minimized. This greatly improves upon the previous time bound
O(n3logn). Also, we have described an O(n?*) time algorithm for moving n
sensors, given on the perimeter of the circle, to form a regular n-gon such that
the sum of the travelled distances is minimized. This solves an open problem
posed in [2]. Moreover, our algorithms are simple and easy to implement.
There are several open questions which are interesting for further research.
First, whether the min-sum problem is N P-hard is not known. The answer
might be negative, since it seems quite difficult to specify a finite number of
candidate points on the perimeter of the given circle such that an optimal so-
lution can be computed from these candidate points. Also, it is interesting to
extend our methods to polygonal or convex regions. For a polygonal or convex
polygon, the sensors are required to move to the perimeter of the polygon such
that the polygonal distance along the perimeter between any two consecutive
sensors are the same [2]. Finally, although our algorithms as well as the previous
algorithms given in [2] were developed for a wireless sensor network, we have
assumed a centralized control server, where nodes are connected using a gate-
way. The distributed self-deployment algorithms for full/barrier coverage, which
consider various designing strategies, such as oblivious robots, uniformity and
system lifetime, have been studied in [B7]. Whether the distributed version of
our algorithms can be developed is an interesting question for further work.
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